The Energy-Momentum Tensor in Field Theory II by Sonoda, Hidenori
ar
X
iv
:h
ep
-th
/9
50
90
18
v1
  5
 S
ep
 1
99
5
UCLA/95/TEP/31
hep-th/9509018
The Energy-Momentum Tensor in Field Theory II ⋆
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In a previous paper, field theory in curved space was considered, and a formula that
expresses the first order variation of correlation functions with respect to the external
metric was postulated. The formula is given as an integral of the energy-momentum tensor
over space, where the short distance singularities of the product of the energy-momentum
tensor and an arbitrary composite field must be subtracted, and finite counterterms must
be added. These finite counterterms have been interpreted geometrically as a connection
for the linear space of composite fields over theory space. In this paper we will study a
second order consistency condition for the variational formula and determine the torsion
of the connection. A non-vanishing torsion results from the integrability of the variational
formula, and it is related to the Bose symmetry of the product of two energy-momentum
tensors. The massive Ising model on a curved two-dimensional surface is discussed as
an example, and the short-distance singularities of the product of two energy-momentum
tensors are calculated explicitly.
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1. Introduction and review
In a previous paper [1] we have studied field theory in curved space and introduced
the energy-momentum tensor as a composite field that generates infinitesimal deforma-
tions of the external metric. It is convenient to study field theory in an arbitrary curved
background because the energy-momentum tensor is most naturally defined as the field
which is conjugate to the external metric [2]. The properties of the energy-momentum
tensor in flat space can be obtained by taking the flat metric limit. We have introduced
a formula, called the variational formula, which expresses the first order change of corre-
lation functions of arbitrary composite fields under an infinitesimal change of the external
metric. The variational formula treats the short-distance singularities in the product of
the energy-momentum tensor and an arbitrary composite field more carefully than ear-
lier studies.1 The singularities must be subtracted, and finite counterterms, denoted by K,
must be added in the variational formula. The finite counterterms K can be interpreted ge-
ometrically as a connection for the linear space of composite fields over theory space. (The
theory space is parameterized by the external metric hµν and spatially constant parameters
gi.) We have studied the consistency of the variational formula with the renormalization
group (RG), the variational formula with respect to the spatially constant parameters, and
diffeomorphism. We have obtained two main results: First, we have obtained an expres-
sion of the short distance singularities of the product of the energy-momentum tensor and
an arbitrary composite field in terms of the connection K or finite counterterms. Second,
we have found that the connection K also gives the Schwinger terms in the euclidean ver-
sion of the equal-time commutator between the energy-momentum tensor and an arbitrary
composite field.
In the present paper we wish to check further consistency of the variational formula
with respect to the external metric: we will study the second order variation of the vacuum
energy and impose Maxwell’s integrability condition. This integrability condition is related
to the symmetry of the operator product expansions (OPE’s) under interchange of two
Bosonic fields. We will see that the integrability condition gives rise to a non-vanishing
torsion of the connection K.
There are two kinds of variational formula for field theory in D-dimensional curved
space with metric hµν and spatially constant parameters g
i(i = 1, ..., N). The first kind,
1 The necessity of careful treatment of short-distance singularities in defining integrals over
composite fieds was first emphasized by K. Wilson [3].
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introduced in ref. [1], expresses the first order variation of correlation functions under an
arbitrary change of the external metric hµν :
〈Φa1(P1)...Φan(Pn)〉h,g − 〈Φa1(P1)...Φan(Pn)〉h+δh,g
= lim
ǫ→0
[∫
ρ(r,Pk)≥ǫ
dDr
√
h
1
2
δhµν(r)
×
〈(
Θµν(r)− 〈Θµν(r)〉h,g
)
Φa1(P1)...Φan(Pn)
〉
h,g
+
n∑
k=1
{
δh · K(h(Pk), g)−
∫ 1
ǫ
dρ δh · C(ρ; h(Pk), g)
} b
ak
× 〈Φa1(P1)...Φb(Pk)...Φan(Pn)〉h,g
]
,
(1.1)
where ρ(r, P ) is the geodesic distance between the two points r and P . The OPE coefficient
C is defined by
∫
ρ(r,P )=ρ
dD−1Ω
1
2
δhµνΘ
µν(r)Φa(P ) = [δh · C(ρ; g, h(P )] ba Φb(P ) + o
(
1
ρ
)
, (1.2)
where dD−1Ω is the angular volume element:
dDr
√
h = dρ dD−1Ω , (1.3)
and δh · C is a short-hand notation for
[δh · C(ρ; g, h)] ba ≡
∞∑
m=0
1
m!
∇µ1 ...∇µm
1
2
δhµν · (Cµν,µ1...µm(ρ; g, h)) ba . (1.4)
In eq. (1.2) we only keep the terms which cannot be integrated over ρ all the way to zero.
The definition (1.2) implies that the OPE coefficients satisfy the algebraic constraints
Cµν,µ1...µm(ρ; h, g) = 1
ρ2
hµm+1µm+2Cµν,µ1...µm+1µm+2(ρ; h, g) + o
(
1
ρ3
)
. (1.5)
In ref. [1] we have imposed the consistency of the variational formula (1.1) with the
RG, and found the following expression of the OPE coefficient δh · C in terms of the
connection K:
δh · C(ρ; h, g) = ∂
∂ρ
δh · S(ρ; h, g) , (1.6)
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where the matrix S(ρ; h, g) is defined by
δh · S(ρ; h, g) ≡
[
G(ρ; h, g) ·
{
δh
ρ2
· K (h/ρ2, g(lnρ))}
+G(ρ; h, g)−G(ρ; h+ δh, g)
]
·G−1(ρ; h, g) .
(1.7)
The matrix G is defined by the following RG equation and the initial condition:
d
dt
G(ρ; h, g) ≡ lim
∆t→0
1
∆t
[
G(e−∆tρ; e−2∆th, g +∆tβ) −G(ρ; h, g)]
= γ(h, g)G(ρ; h, g) , G(1; h, g) = 1 ,
(1.8)
where γ(h, g) is the matrix of scale dimension in the basis {Φa}, and the running parameter
gi(t) is defined by
∂
∂t
gi(t) = βi(g(t)) , gi(0) = gi , (1.9)
where βi(g) is the beta function of the i-th parameter gi. Note that the initial condition
for G implies
S(ρ = 1; h, g) = K(h, g) . (1.10)
Similarly, the consistency with diffeomorphism gives rise to the following expression of
the euclidean version of the equal-time commutator between the energy-momentum tensor
and an arbitrary composite field Φa:
(u · C˜(ρ; h, g))Φa(P ) = LuΦa + (Luh · S(ρ; h, g))Φa, (1.11)
where u is an arbitrary vector field, Lu is the Lie derivative in the direction of u, and C˜ is
defined by∫
ρ(r,P )=ρ
dD−1Ω(r) Nµ(r)uν(r)Θ
µν(r)Φa(P ) = (u · C˜(ρ; h, g))Φa(P ) + o
(
ρ0
)
, (1.12)
where Nµ(r) is the unit outward normal vector at r, and we only keep the terms non-
vanishing as ρ → 0. Eq. (1.11) shows that the anomalous part of the commutator is
determined by the connection K through S defined by eq. (1.7). In components, C˜ is
written as
(u · C˜) ba (ρ; h, g) =
∞∑
m=0
1
m!
∇µ1 ...∇µmuν · (C˜µν, µ1...µmµ ) ba (ρ; h, g) , (1.13)
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where
C˜µν, µ1...µmµ (ρ; h, g) = hµµm+1 C˜µν,µm+1µ1...µm(ρ; h, g) , (1.14)
and the unintegrable part of ρC˜’s coincide with C’s:
ρ C˜µν,µ1...µm(ρ; h, g) = Cµν,µ1...µm(ρ; h, g) + o
(
1
ρ
)
. (1.15)
There are four sources of algebraic constraints on the connection K. One is the
constraint (1.5). Since Eq. (1.11) determines C˜µν, µ1...µmµ , which is a trace over µ, the
existence of C˜µν,µ1...µm which gives the correct trace (1.14) can constrain the connection
K. This is the second constraint. The relation (1.15) can give the third constraint, since
both C’s and C˜’s are given in terms of the same connection K. Finally, algebraic constraints
analogous to (1.5) exist also for C˜’s:
C˜µν, µ1...µmµ (ρ) =
1
ρ2
hµm+1µm+2 C˜µν, µ1...µm+2µ (ρ) + o
(
1
ρ2
)
. (1.16)
These constrains are very useful when we determine the connection K in practice.
The second kind of variational formula gives the first order change of correlation
functions under an arbitrary change of the parameter gi of the theory [4]:
− ∂
∂gi
〈Φa1(P1)...Φan(Pn)〉h,g
= lim
ǫ→0
[∫
ρ(r,Pk)≥ǫ
dDr
√
h
〈(
Oi(r)− 〈Oi(r)〉h,g
)
Φa1(P1)...Φan(Pn)
〉
h,g
+
n∑
k=1
{
(ci)(h(Pk), g)−
∫ 1
ǫ
dρ (Ci)(ρ; h(Pk), g)
} b
ak
× 〈Φa1(P1)...Φb(Pk)...Φan(Pn)〉h,g
]
,
(1.17)
where ∫
ρ(r,P )=ρ
dD−1Ω Oi(r)Φa(P ) = [Ci(ρ; g, h(P ))] ba Φb(P ) + o
(
1
ρ
)
, (1.18)
and the finite counterterm ci can be interpreted as the g
i component of a connection over
theory space.
The consistency between the variational formula (1.17) and the RG gives the following
relation between the OPE coefficient Ci and the connection ci [4]:
Ci(ρ; h, g) = ∂
∂ρ
Si(ρ; h, g) , (1.19)
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where
Si(ρ; h, g) ≡
[
G(ρ; h, g)
∂gj(ln ρ)
∂gi
cj(h, g)− ∂
∂gi
G(ρ; h, g)
]
· G−1(ρ; h, g) . (1.20)
It has also been found that the consistency among the two kinds of variational formula
and the RG gives the trace condition [1]:
2h · K(h, g) = γ(h, g) + βi(g)ci(h, g) . (1.21)
The purpose of the present paper is to check further the consistency of the variational
formula with respect to the metric (1.1). In particular we will study the second order
variation of the vacuum energy using the first order variational formula (1.1) recursively.
We will find that the symmetry of the second order variation results in a non-vanishing
torsion of the connection K. It will be shown that part of this result is equivalent to the
Bose symmetry between two energy-momentum tensors.
The paper is organized as follows. In sect. 2 we will calculate the second order variation
of the vacuum energy using the variational formula (1.1). By imposing an integrability
condition (or Maxwell’s relation) to the second order variation, we will derive the torsion
of the connection K. In sect. 3 we will study an implication of the Bose symmetry among
the composite fields with integer spins, and show that part of the result of sect. 2 can be
also obtained from the Bose symmetry between two energy-momentum tensors. In sect. 4
we will find a relation between the particular matrix elements of the connections ci and K,
i.e., (ci)Θ
µν and KOi. In sect. 5 we will study the example of the massive Ising model on
a curved two-dimensional surface, and compute explicitly KΘµν , i.e., the elements of the
connection K for the energy-momentum tensor. In the zero mass limit, the result is shown
to agree with conformal field theory. We conclude the paper in sect. 6.
2. Second order variation of the vacuum energy
We consider a field theory in D-dimensional curved space with an external metric hµν
and spatially constant parameters gi(i = 1, ..., N). Let F [h, g] be the total vacuum energy
(or free energy). Under an infinitesimal change of the metric and the parameters, the free
energy changes by
F [h+ δh, g + δg]− F [h, g]
=
∫
dDP
√
h(P )
[
1
2
δhµν(P ) 〈Θµν(P )〉h,g + δgi 〈Oi(P )〉h,g
]
.
(2.1)
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We wish to calculate the terms of order δh1δh2 in
∆[δh1, δh2] ≡ F [h+ δh1 + δh2, g]− F [h+ δh1, g]− F [h+ δh2, g] + F [h, g] . (2.2)
(We ignore the terms of order (δh1)
2 and (δh2)
2.) The integrability of the first order
variational formula (2.1) demands that the second order variation (2.2) must be symmetric
with respect to δh1 and δh2.
We can calculate the second order change (2.2) by applying the variational formula
(1.1) to eq. (2.1). There are two ways of doing this depending on the order of changing
the metric, as indicated in Fig. 1. Integrability of the vacuum energy demands that the
two paths in the figure give the same result.
h, g h + δh  , g
h + δh  , g h + δh  + δh  , g
1
1 22
1st
2nd
Fig. 1  Two ways of evaluating ∆[δh  , δh  ]
1 2
Along the first path, we obtain
∆[δh1, δh2] = (F [(h+ δh1) + δh2, g]− F [h+ δh1, g])
− (F [h+ δh2, g]− F [h, g])
=
∫
dDP
√
h+ δh1
1
2
(δh2)µν(P ) 〈Θµν(P )〉h+δh1,g
− (F [h+ δh2, g]− F [h, g]) .
(2.3)
Applying the variational formula (1.1) to the integrand, we obtain
∆[δh1, δh2] = −
∫
ρ(r,P )≥ǫ
dDP
√
h(P ) dDr
√
h(r)
× 1
2
(δh2)µν(P )
1
2
(δh1)αβ(r)
〈
Θαβ(r)Θµν(P )
〉c
h,g
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+∫
dDP
√
h(P )
1
2
(δh2)µν(P )
{
hαβ(P )
1
2
(δh1(P ))αβ 〈Θµν(P )〉h,g (2.4)
+ δh1(P ) ·
(∫ 1
ǫ
dρ C(ρ; h(P ), g)−K(h(P ), g)
)µν a
〈Φa(P )〉h,g
}
.
The second path gives the same result as above except that δh1 and δh2 are interchanged.
Since the energy-momentum tensor satisfies the canonical RG equation
d
dt
Θµν = (D + 2)Θµν , (2.5)
the general formulas (1.6), (1.7) imply
δh · C(ρ; h, g)Θµν = ∂
∂ρ
(δh · S(ρ; h, g))Θµν , (2.6)
where
δh · S(ρ; h, g)Θµν = 1
ρD+2
δh
ρ2
· K (h/ρ2, g(lnρ)) ·G−1(ρ; h, g)Θµν . (2.7)
Using the component notation of eq. (1.4), this can be written as
[Cαβ,µ1...µm(ρ; h, g)]µν a = ∂
∂ρ
[
Sαβ,µ1...µm(ρ; h, g)
]µν a
, (2.8)
where [
Sαβ,µ1...µm(ρ; h, g)
]µν a
=
1
ρD+4
(Kαβ,µ1...µm (h/ρ2, g(lnρ)))µν b · (G−1) ab (ρ; h, g) . (2.9)
Therefore, the invariance of eq. (2.4) under the interchange of δh1 and δh2 implies
that
I12(ǫ) = I21(ǫ) , (2.10)
where
I12(ρ) ≡
∫
dDP
√
h(P )
1
2
(δh2)µν(P )
(
− 1
2
(δh1)αβh
αβΘµν(P )
+
∞∑
m=0
1
m!
∇µ1 ...∇µm
1
2
(δh1)αβ(P ) · Sαβ,µ1...µm(ρ; h, g)Θµν
)
.
(2.11)
We recall that the connection K was originally introduced in ref. [1] as finite counterterms
in the variational formula (1.1). This means that in the definition of I12(ρ) above, S(ρ) only
has those terms which give non-vanishing contributions for an infinitesimal ρ. This implies
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that eq. (2.10) is actually valid for an arbitrary ǫ which is not necessarily infinitesimal as
long as I12(ǫ) is well-defined.
Therefore, from eq. (2.10), we find that
f(ρ) ≡ (δh1)µν
[
hµν(δh2)αβΘ
αβ
+
∞∑
m=0
1
m!
∇µ1 ...∇µm(δh2)αβ · Sαβ,µ1...µm(ρ; h, g)Θµν
]
− (δh1 ↔ δh2)
(2.12)
is a total divergence with respect to space. Since δh1, δh2 are arbitrary, this means that
for each integer m we must find
Sαβ,µ1...µm(h/ρ2, g(lnρ))Θµν
= δm,0 (h
αβΘµν − hµνΘαβ)
+ (−)m
∞∑
n=0
(−)n
n!
∇ν1 ...∇νn
{
Sµν,µ1...µmν1...νn(h/ρ2, g(lnρ))Θαβ
}
.
(2.13)
This is the main result of this section. The first term on the right-hand side is independent
of the geodesic distance ρ. In the next section we will see that the ρ dependence of eq. (2.13)
is a consequence of the Bose statistics of the energy-momentum tensor.
Finally we observe that, if we take ρ = 1, eq. (2.13) gives the torsion of the connection
K:
τ(δh1, δh2; h, g) ≡ (δh1 · K)(δh2)αβΘαβ − (δh2 · K)(δh1)αβΘαβ
=
1
2
{
(δh1)
µ
µ(δh2)αβΘ
αβ − (δh2)µµ(δh1)αβΘαβ
}
+
∞∑
m=1
1
m!
[
(δh2)αβ(−)m∇µ1 ...∇µm
(
1
2
(δh1)µν · (Kαβ,µ1...µm)Θµν
)
− (∇µ1 ...∇µm(δh2)αβ) ·
1
2
(δh1)µν(Kαβ,µ1...µm)Θµν
]
.
(2.14)
The sum over the positive integer m is a total derivative in space.
To summarize, the condition of integrability of the vacuum energy gives eq. (2.13).
This determines the torsion of the connection K up to total derivatives in space.
3. Bose symmetry of the OPE coefficients in curved space
To improve our understanding of the integrability condition (2.13) in the previous
section, let us study the property of OPE’s in curved space under interchange of two fields.
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In curved space we consider an OPE of two composite fields
A(r)B(P ) = C aAB(P, v)Φa(P ) , (3.1)
where v is the geodesic coordinate of r with respect to P (i.e., r = Expv(P )). For simplicity,
we take A and B to be scalar fields. We define the angular integral
Cµ1...µm,aAB (ρ; h(P )) ≡
∫
‖v‖=ρ
dD−1Ωρ(r)v
µ1 ...vµmC aAB(P, v) , (3.2)
where dDr
√
h = dρdD−1Ω(r), and ‖v‖ is the norm. Our goal is to find the symmetry of
the integrated OPE coefficient under interchange of A and B: we wish to know the relation
between Cµ1...µm,aAB and Cµ1...µm,aBA .
Let us introduce V ab(P, r) which parallel transports a tensor Φa at P to a tensor at
r = Expv(P ) along the geodesic. The transported tensor is given by
∑
b Φb(P )V
b
c(P, r).
The inverse of V parallel transports a tensor from r to P . So, we can write
(V (P, r))
−1
= V (r, P ) . (3.3)
Now, the Bose symmetry
B(r)A(P ) = A(P )B(r) (3.4)
implies that
B(r)A(P ) =
∑
a
C aAB(r, w)Φa(r), (3.5)
where w is the tangent vector at r such that Expw(r) = P . (See Fig. 2.)
P
r
v
w
Fig. 2  two nearby points P, r
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Using the Taylor expansion
Φa(r) =
∞∑
n=0
1
n!
vν1 ...vνn∇ν1 ...∇νnΦb(P ) · V ba(P, r) , (3.6)
we obtain
B(r)A(P ) = (CAB)
a(r, w)
∞∑
n=0
1
n!
vν1 ...vνn∇ν1 ...∇νnΦb(P ) · V ba(P, r) . (3.7)
Therefore, using the definition (3.2), we find
Cµ1...µm,aBA (ρ; h, g)Φa(P )
=
∞∑
n=0
(−)m+n
n!
∫
dD−1Ωρ(v)(−v)µ1 ...(−v)µm(−v)ν1 ...(−v)νn
× V ba(P, r)C aAB(r, w)∇ν1...∇νnΦb(P ) .
(3.8)
In order to proceed further we need three equations. The first equation is the Taylor
expansion
V ba(P, r)C
a
AB(r, w) =
∞∑
k=0
1
k!
vκ1 ...vκk∇κ1 ...∇κkC bAB(P,−v) . (3.9)
This is valid since we can formally expand the OPE coefficients as
C aAB(P, v) =
∞∑
m=0
1
m!
vµ1 ...vµmC aAB,µ1...µm(P ; ‖v‖) , (3.10)
where C aAB,µ1...µm(P ; ‖v‖), except for its dependence on the norm ‖v‖, is an ordinary
tensor field and admits the Taylor expansion
V ab(P, r)C
b
AB,µ′
1
...µ′
m
(r; ‖v‖)V µ′1µ1(r, P )...V µ
′
m
µm(r, P )
=
∞∑
n=0
1
n!
vν1 ...vνn ∇ν1 ...∇νnC aAB,µ1...µm(P ; ‖v‖) ,
(3.11)
just as eq. (3.6).
To describe the other two equations, we first introduceWµν(P, v) which parallel trans-
ports tangent vectors from r = Expv(P ) to P in the geodesic coordinate system around P .
The two parallel transports V and W are related to each other by the following coordinate
transformation:
Wµν(P, v) = V
µ
α(P, r)
∂vαr
∂vνP
∣∣∣∣
vr=0
, (3.12)
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where the vector vP at P and the vector vr at r correspond to the same point: ExpvP (P ) =
Expvr(r). In the geodesic coordinate vP around P , the volume element at the point
ExpvP (P ) is given by detW (P, vP ). The second equation we need is the following expansion
of the volume element:
detW (P, v) =
∞∑
k=0
1
k!
vκ1 ...vκk∇κ1 ...∇κkdetW (P,−v) . (3.13)
The third equation we need is the one about integrals of total derivatives:
∇µ1 ...∇µm
∫
dD−1Ωρ(v) v
µ1 ...vµmt(P, v)
=
∫
dD−1Ωρ(v)
detW (P, v)
vµ1 ...vµm∇µ1 ...∇µm (detW (P, v)t(P, v)) ,
(3.14)
where t(P, v) is an arbitrary tensor at P which depends also on a vector v at P . The tensor
can be formally expanded as
t(P, v) =
∞∑
n=0
1
n!
vν1 ...vνntν1...νn(P, ‖v‖) , (3.15)
where tν1...νn(P, ‖v‖) is an ordinary tensor field with an additional dependence on the norm
of the vector v. The covariant derivative of t(P, v) is defined by
∇µt(P, v) ≡
∞∑
m=0
1
n!
vν1 ...vνn ∇µtν1...νn(P, ‖v‖) , (3.16)
where we have an ordinary covariant derivative on the right-hand side. (‖v‖ is fixed under
the derivative.) We will not prove the second and third equations (3.13), (3.14) in this
paper. For a mathematical background we refer the reader to refs. [5] and [6]. (W here is
denoted as V in these references.)
Using eqs. (3.9) and (3.13), eq. (3.8) gives
Cµ1...µm,aBA (ρ; h, g)Φa(P )
= (−)m
∞∑
n=0
(−)n
n!
∫
dD−1Ωρ(v)
detW (P, v)
vν1 ...vνn
×∇ν1 ...∇νn (detW (P, v)vµ1 ...vµmC aAB(P, v)Φa(P ))
(3.17)
after a change of coordinates v → −v. Then, by using eq. (3.14), we obtain the desired
relation:
Cµ1...µm,aBA (ρ; h, g)Φa(P )
=(−)m
∞∑
n=0
(−)n
n!
∇ν1 ...∇νn [Cµ1...µmν1...νn,aAB (ρ; h, g)Φa(P )] .
(3.18)
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This implies that the difference
Cµ1...µm,aBA (ρ; h, g)Φa(P )− (−)mCµ1...µm,aAB (ρ; h, g)Φa(P ) (3.19)
is a total derivative in space. Eq. (3.18) is the main result of this section; it is a direct
consequence of the Bose symmetry (3.4).
Now for the energy-momentum tensor, the only difference is that it is a tensor, and
the integrated OPE must be defined with the parallel transport operator as
∫
ρ(r,P )=ρ
dD−1Ω(r) vµ1 ...vµmV αγ(P, r)V
β
δ(P, r)Θ
γδ(r)Θµν(P )
=
∑
a
[Cαβ,µ1...µm(ρ; h(P ), g)]µν aΦa(P ) . (3.20)
If we only keep the terms which cannot be integrated over ρ to zero, this C coincides with
the C in the previous sections. The relation analogous to eq. (3.18) is given by
(Cαβ,µ1...µm(ρ; h, g))µν a Φa(P )
=(−)m
∞∑
n=0
(−)n
n!
∇ν1 ...∇νn
[
(Cµν,µ1...µmν1...νn(ρ; h, g))αβ a Φa(P )
]
.
(3.21)
This is precisely what we obtain by differentiating eq. (2.13) with respect to ρ, thanks
to the relation (1.6) between C and S. Hence, the ρ dependence of the integrability
condition (2.13) is consistent with the invariance of the OPE under interchange of two
energy-momentum tensors.
Eq. (3.18) generalizes easily to a product of any two bosonic composite fields.
4. A relation between ci and K
In the same way as in sect. 2, the symmetry of the second order variation
∆[δh, δg] ≡ F [h+ δh, g + δg]− F [h+ δh, g]− F [h, g + δg] + F [h, g] (4.1)
gives a relation among the mixed matrix elements of the connection (ci,K).
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Fig. 3  Two ways of evaluating ∆[δh, δg]
h, g
h, g + δg
h + δh, g
h + δh, g + δg
1st
2nd
By demanding that the two paths shown in Fig. 3 give the same second order variation
(4.1), we find the following relation (we skip the derivation, since it is analogous to the
derivation in sect. 2):
(ci)Θ
µν − (Kµν)Oi = −hµνOi +
∞∑
m=1
(−)m
m!
∇µ1 ...∇µm [(Kµν, µ1...µm)Oi] . (4.2)
This also gives torsion of the connection (ci,K), which is related to the Bose symmetry of
the operator product Oi(r)Θµν(P ) under interchange of the two fields.
5. Example: Massive Ising model on a curved surface
We have obtained two constraints (2.13)(or equivalently (2.14)) and (4.2). As an
example of a practical use of these constraints, we take the massive Ising model on a
curved two-dimensional surface with metric hµν , and apply the integrability constraints
and the other algebraic constraints discussed in sect. 1 to determine the connection K
explicitly.
The model has three parameters: g1, m, and κ, where g1 is the cosmological constant,
m is the mass, and κ is the coefficient of the Ricci curvature R in the vacuum energy
density. The metric and the parameters satisfy the following RG equations:
d
dt
hµν = 2hµν ,
d
dt
g1 = 2g1 +
m2
2
β1 ,
d
dt
m = m ,
d
dt
κ = c′ ,
(5.1)
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where c′ is a constant to be determined later. The constant β1 depends on how we
normalize m. If we choose m such that it gives the physical mass of the free fermion
in flat space, then
β1 = − 1
2π
. (5.2)
The above RG equations for the parameters imply the following RG equation for the
field Om conjugate to m:
d
dt
Om = Om −mβ1 . (5.3)
Eqs. (5.1) also imply the following trace of the energy-momentum tensor:
Θ = 2g1 +
m2
2
β1 +mOm + c′R . (5.4)
By taking the limit m = 0, we find that the constant c′ is related to the central charge
c = 12 of the conformal Ising model as
c′ = − c
24π
. (5.5)
Our goal is to calculate the singularities in the product of two energy-momentum
tensors Θµν(r)Θαβ(P ) explicitly. The answer is well-known in the massless limit m = 0,
but in the following we will be able to calculate the correction due to the non-vanishing
mass m.
As a preparation we first calculate the singularities in the product Θµν(r)Om(P ). The
most general form of the connection is given by
(δh · K)Om = δh(a Om + b m) , (5.6)
where δh ≡ δhµµ is the trace, and a, b are constants. Using the trace condition (1.21), we
find
a =
1
4
, b =
1
4
(
(cm)
1
m − β1
)
, (5.7)
where the constant (cm)
1
m is a matrix element of the connection cm for the conjugate field
Om. Under a redefinition of the cosmological constant
g1 → g1 + k
2
m2 , (5.8)
the conjugate field Om and the connection (cm) 1m change by
Om → Om − km , (cm) 1m → (cm) 1m + k , (5.9)
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so that the linear combinations
Om +m(cm) 1m , mOm + 2g1 (5.10)
are invariant under the redefinition (5.8). In particular, the trace (5.4) is invariant.
Taking the column vector (Om, 1)T as the basis, the general formula (1.7) gives
S(ρ;m) =
(
0 0
m
[−β1(ln ρ+ 1) + (cm) 1m ] 1
)
. (5.11)
Hence, (1.6) and (1.11) give
δh · C(ρ; h,m)Om = 1
4
δh
−mβ1
ρ
(5.12)
u · C˜(ρ; h,m)Om
= uµ∂µOm + 1
2
∇µuµ ·
(Om +m(cm) 1m −mβ1(1 + ln ρ)) . (5.13)
Now we consider the product of two energy-momentum tensors. The most general
form of the connection, allowed by covariance and the Z2 invariance under m → −m, is
given as follows:
δh · K(h,m, g1)Θαβ
=
1
2
hαβδh
(
A1 + g1A3 +m
2A5 +RA7
)
+ δhαβ
(
A2 + g1A4 +m
2A6 +RA8
)
+
C1
2
δh hαβΘ+ C2δhΘ
αβ + C3h
αβδhµνΘ
µν + C4δh
αβΘ
+
B1
4
hαβ∇2δh+ B2
4
(∇α∇β +∇β∇α)δh
+
B3
2
hαβ∇µ∇νδhµν + B4
2
∇2δhαβ ,
(5.14)
where A’s, B’s, and C’s are all constants.
The constants A,B,C’s will be determined in four steps. First we use the integrability
constraints obtained in sect. 2 to relate some of the unknown constants. Second we will
impose consistency with the previous results (5.12), (5.13) on the trace of the energy-
momentum tensor. Third, we will write down the OPE coefficients C, C˜ in terms of the
connection K and impose the algebraic constraints (1.5), (1.16). At this point we will still
have some undetermined constants. Finally we will determine the remaining constants by
imposing the algebraic constraints (1.14) and (1.15).
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5.1. torsion constraint
The integrability condition (2.13) (or equivalently (2.14)) gives, for ρ = 1, the following
conditions:
(Kµν)Θαβ = hµνΘαβ − hαβΘµν + (Kαβ)Θµν (5.15)
(Kµν,γδ)Θαβ = (Kαβ,γδ)Θµν . (5.16)
Eq. (5.15) gives
C3 = C2 − 1
2
, (5.17)
and eq. (5.16) gives
B2 = B3 . (5.18)
5.2. trace condition
The trace anomaly (5.4) provides further constraints. Using the explicit form of the
trace anomaly, the variational formula gives
− 〈(h+ δh)αβΘαβ(P )〉h+δh,g + 〈hαβΘαβ(P )〉h,g
= m
[
−〈Om〉h+δh,g + 〈Om〉h,g
]
+ c′(−R(h+ δh) +R(h))
= m
∫
ρ≥ǫ
dDr
√
h
1
2
δhµν(r) 〈Θµν(r)Om(P )〉ch,g
+m
[
δh ·
{
K −
∫ 1
ǫ
dρ C(ρ)
}] a
m
〈Φa(P )〉h,g + c′(−R(h+ δh) +R(h)) .
(5.19)
On the other hand, the variational formula for the energy-momentum tensor gives
− 〈(h+ δh)αβΘαβ(P )〉h+δh,g + 〈hαβΘαβ(P )〉h,g
=− δhαβ
〈
Θαβ
〉
h,g
+m
∫
ρ≥ǫ
dDr
√
h
1
2
δhµν(r) 〈Θµν(r)Om(P )〉ch,g
+ hαβ
〈
(δh · K)Θαβ〉
h,g
−
∫ 1
ǫ
dρ m (δh · C(ρ)) am 〈Φa〉h,g .
(5.20)
We demand consistency between the two expressions. Using the variation of the Ricci
curvature
−R(h+ δh) +R(h) = δhµνRµν +∇2δh−∇µ∇νδhµν , (5.21)
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we obtain
hαβ(Kµν)Θαβ = m(Kµν)Om + 2c′Rµν + 2Θµν (5.22a)
hαβ(Kµν,γδ)Θαβ = c′
(
4hγδhµν − 2(hµγhνδ + hµδhνγ)) . (5.22b)
We can obtain (5.22a) also from eq. (4.2) of the previous section. With the connection
(5.6), (5.7) for the conjugate field Om, eq. (5.22a) gives
A1 + A2 = 0 , A3 + A4 = −1
2
,
A5 + A6 =
1
4
(cm)
1
m −
3
8
β1 , A7 +A8 =
c′
4
, (5.23)
C1 + C4 = −3
4
, C2 = 1 , C3 =
1
2
, (5.24)
and eq. (5.22b) gives
B1 +B4 = 3c
′ , B2 = B3 = −c′ . (5.25)
We have used eqs. (5.17) and (5.18).
5.3. OPE coefficients C, C˜ in terms of the connection K
Using eqs. (2.6) and (2.7), we can write down the OPE coefficients C in terms of the
connection (5.14) as follows:
(Cµν(ρ))Θαβ = − 2
ρ3
[
hµνhαβA1 + (h
µαhνβ + hµβhνα)A2
]
+
β1m
2
2ρ
[
hµνhαβA3 + (h
µαhνβ + hµβhνα)A4
]
(5.26a)
(Cµ,γδ(ρ))Θαβ = 0 . (5.26b)
Using the algebraic constraint (1.5), we find that eq. (5.26b) implies the vanishing of A1,
A2:
A1 = A2 = 0 . (5.27)
This is consistent with (5.23).
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Using the general formula (1.11), we can calculate the coefficients C˜. The result is as
follows:
(C˜µν,µ(ρ))Θαβ
=
1
6
[
(−B1 − c′ − 2B4)hαβ∂νR+ (c′ +B4)(hνβ∂αR + hνα∂βR)
]
+∇νΘαβ , (5.28a)
(C˜µν, γµ (ρ))Θαβ
= hγνhαβ
[
A3(g1 +
1
2
β1m
2 ln ρ) +m2A5
+R(A7 +
1
6
(−B1 − 2c′ − 3B4)) + C1Θ
]
+ (hναhγβ + hνβhγα)
[
A4(g1 +
1
2
β1m
2 ln ρ) +m2A6
+R(A8 +
1
3
(c′ +B4)) + C4Θ
]
− hναΘβγ − hνβΘαγ + 2hγνΘαβ + hαβΘνγ , (5.28b)
(C˜µν, γδǫµ (ρ))Θαβ = (Kνγ,δǫ +Kνδ,ǫγ +Kνǫ,γδ)Θαβ
= (B1 − c′)gαβ(hνγhδǫ + hνδhǫγ + hνǫhγδ)
− c′ (hνγ(hδαhǫβ + hδβhǫα) + ... )
+B4
(
hγδ(hǫαhνβ + hǫβhνα) + ...
)
, (5.28c)
where we have used eqs. (5.24) and (5.25), and the last omitted terms are obtained by
symmetrizing with respect to γ, δ, and ǫ.
Since eq. (5.28b) has no 1/ρ2 singularity, the algebraic constraint (1.16) implies that
hδǫ(C˜µν, γδǫµ )Θαβ = 0 . (5.29)
Using (5.25), this gives
B1 =
5c′
2
, B4 =
c′
2
. (5.30)
We also notice that the right-hand side of eq. (5.28b) should not depend on the cosmo-
logical constant g1, since the short-distance singularities are independent of the additive
constant in the vacuum energy. Using the trace anomaly (5.4), the absence of g1 in
eq. (5.28b) gives
A3 = −3− 2C1 , A4 = 5
2
+ 2C1 . (5.31)
To summarize so far, eqs. (5.27), (5.31), (5.25), (5.30), and (5.24) give all the constants
except for A6, A8, and C1. To determine these three remaining constants, we must use
the algebraic constraints (1.14) and (1.15).
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5.4. Further algebraic constraints
To determine the remaining unknown constants, we try to construct coefficients
C˜µν,µ1...µm which are related to eqs. (5.28) by eqs. (1.14). At the same time we must
satisfy the constraints (1.15). We have found it convenient to do this construction in
a complex coordinate system z in which the metric has only hzz¯ non-vanishing. While
constructing the coefficients C˜µν,µ1...µm , it is also important to satisfy the Bose symmetry
(3.21). We will omit the detail here. The final results are as follows:
A3 = A4 = −1
4
, A5 = A6 =
1
8
(
(cm)
1
m −
3
2
β1
)
,
A7 =
7c′
8
, A8 = −5c
′
8
, C1 = −11
8
, C4 =
5
8
.
(5.32)
Written in a more transparent form, our final results are given by
1
ρ
∫
ρ(z,P )=ρ
dΩρ(z, z¯) δhµνΘ
µν(z, z¯)Θzz(P )
= −c
′
4
(∇z)4δhzz(P ) +∇zδhzz · ∇zΘzz(P ) +∇z∇zδhzz ·Θzz(P )
− m
2β1
16
∇2δhzz(P ) (5.33a)
+
m
4
(−∇zδh · ∇z −∇zδhzz · ∇z +∇zδhzz · ∇z)Om(P ) + o(ρ0) ,
1
ρ
∫
ρ(z,P )=ρ
dΩρ(z, z¯) δhµνΘ
µν(z, z¯)Om(P )
=
1
2
(∇z∇zδhzz +∇z∇zδhzz)
[
1
2
(Om(P ) +m(cm) 1m )−mβ1
(
1
4
+
1
2
ln ρ
)]
− mβ1
8
∇2δh(P ) (5.33b)
+ (∇zδhzz · ∇z +∇zδhzz · ∇z)Om(P ) + o(ρ0) ,
where δhµν is an arbitrary symmetric tensor which vanishes at P . In the m = 0 limit, this
agrees with conformal field theory [7].
6. Conclusion
In this paper we have continued the study of the energy-momentum tensor initiated in
ref. [1]. In particular we have examined integrability of the first order variational formula
(2.1) for the vacuum energy, and derived the condition (2.13). We have observed that this
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integrability condition (2.13) gives the torsion of the connection K up to total derivatives
as in eq. (2.14). We have also interpreted the dependence of eq. (2.13) on the geodesic
distance ρ as the Bose symmetry between two energy-momentum tensors. Finally, using
the integrability condition and other algebraic constraints, we have determined the short-
distance singularities of the product of two energy-momentum tensors in the massive Ising
model in two dimensions.
The massive Ising model may be too simple. After all, it is a theory of the free mas-
sive Majorana fermion, and the OPE of two energy-momentum tensors can be calculated
directly using the elementary spinor fields (at least in flat space). The aim of the example
is to show that we understand the general properties of the energy-momentum tensor well
enough to determine the OPE explicitly without explicit calculations.
The goal of ref. [1] and the present paper is understanding the first order variational
formula (1.1), which actually defines the energy-momentum tensor through its integral
over space. We have applied only a limited integrability check in this paper. In a separate
paper [8] we plan to address the full integrability condition for the variational formula
applied to arbitrary correlation functions instead of the vacuum energy.
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